An algorithm is described to estimate variance components for a univariate animal model using REML. Sparse matrix techniques are employed to calculate those elements of the inverse of the coefficient matrix required for the first derivatives of the likelihood. Residuals and fitted values for random effects can be used to derive additional right-hand sides for which the mixed model equations can be repeatedly solved in turn to yield an average of the observed and expected second derivatives of the likelihood function.
INTRODUCTION
The REML method is preferred for estimation of variance components for animal breeding applications. For animal models, the derivative-free PF) method has become popular because of its computational feasibility; DF only requires the calculation of the determinant of each iteration and uses search techniques to locate the maximum of the likelihood (5, 10). However, the DF method has poorer numerical properties; the solution has about one-half the accuracy, in significant digits, of the likelihood function being maximized [(14); p. 2771. This problem is likely to be greater when several variance components are estimated.
The first derivative of the likelihood has terms involving the inverse of the coefficient matrix and therefore has been regarded as expensive to calculate for large models. Misztal and Perez-Enciso (12) described the method of Takahashi et al. (16) for calculating the sparse inverse of the coefficient matrix, which calculates only those elements of the inverse that belong to the sparse pattern of the original matrix. Cost of computer time for calculation of the sparse inverse is two to three times more expensive than for calculation of the determinant, which enhances the computational feasibility of an expectation-maximization (EM) algorithm.
Newton's methods use first and second derivatives of the likelihood and are generally more rapid to converge. The second derivative, as used in the Newton-Raphson method, and its expected value, as used in Fisher's method of scoring, include terms involving traces of products of the inverse matrix, which represents another order of computational complexity. However, when the observed and expected second derivatives are averaged, the trace term is cancelled out, and the remaining expression is simple to compute. The objective of this paper is to discuss the use of average information (AI) FEML and to compare this method with DF and EM algorithms using an example.
MATERIALS AND METHODS

Model
We consider the linear model
Without loss of generality, X is assumed to be of full-column rank r(X) = Nf.
The Likelihood
For y -N(Xb,V), the likelihood function, 1, based on linear functions of the observation vector with expectation zero, can be expressed as [e.g., (6) The AI REML algorithm avoids the evaluation of traces of large matrices in Equations [5] and [6] by using the AI, Equation [8] , in place of second derivatives in a Newtonian-type procedure.
Let 0 be the vector of variance components to be estimated for a particular model. Let [ l l b l
Computatlonal Procedure
The sparse matrix package FSPAK (PerezEnciso and Misztal, 1993, personal communication) was used for the calculations. The package is an interface to code for sparse matrix methods by George and Liu (4) and provided solutions to the MME, the sparse matrix inverse and log determinant required in the following.
Step 1. Pedigree and data files were read, and the inverse of the relationship matrix was calculated.
Step 2. The MME were ordered using the minimum degree ordering subroutines of George and Liu (4) to minimize the additional nonzero elements generated on factorization.
Srep 3. Symbolic factorization was carried out to determine the data structure of the upper triangular factor.
Step 4. Numerical values were input to the MME, given current estimates of the variance components, and numerical factorization of the coefficient matrix was carried out. The equations were solved, and residuals were calculated.
Step 5. This vector was used as a right-hand side, and, with the same coefficient matrix set up at step 4, the MME were solved. The residuals Pf@) and the vector products f(+YPf(e) were calculated for all qk@.
Step 5 was repeated for all
Step 6. The sparse inverse of the coefficient matrix was evaluated using the method of Step 7. The variance components were updated using Newton's method:
e€@.
where [p] is iterate number.
Steps 4 to 7 were repeated until convergence. The inverse of the information matrix was used to estimate the (co)variances of the variance components. Calculation of the sparse inverse in step 6 is the most computationally demanding; the repeated solving in step 5 is relatively inexpensive.
Example
The example involves 2307 records of weaning weight from a flock of 2500 Romney sheep over 15 yr. Direct and maternal genetic effects and a permanent environmental effect to take account of the additional nongenetic correlation between progeny from the same dam (695 dams) were fitted. Fixed effects included 30 contemporary groups for interaction .2) and { .l, . l , .02, . I ) . The convergence criterion for AI REML was IIAXl/llXll < le3 where II II denotes vector length (Euclidean norm), and X is the vector of variance ratios.
For a comparison with a DF algorithm, the simplex method (13) was used in place of steps 5 to 7. For the EM algorithm, steps 5 and 7 were not required, and the variance parameter estimates were updated using an algorithm similar to that used by Cantet et al. (2) for a similar model. For example, the variance parameter 4 was updated using where @ was chosen as .5, with similar expressions for the other variance components.
The DF and EM procedures were stopped when their likelihood values attained the maximum value achieved by AI REML to a specified degree of accuracy. As verification of the equivalence of convergence among the three algorithms, the final variance estimates from the DF and EM algorithms, when used as starting values for AI REML, were required to satisfy the convergence criterion for AI REML without further iteration.
RESULTS AND DISCUSSION
The log likelihood values agreed within five decimal places for the three algorithms. The final parameter estimates (ItSE) were I.197 f .039, .117 f .037, .004 f .027, and .119 f .027), and residual variance was 5.217. The standard errors were derived from the inverse of the AI matrix. Corporation, Houston, TX) using the Lahey F77L-EW32 Fortran compiler (Lahey Computer Systems Inc., Incline Village, NV). The DF algorithm shows the number of likelihood evaluations, because several evaluations are carried out at each iteration, and likelihood evaluation is the major cost for this method. The AI REML procedure was about five times faster than DF, which was about three times faster than EM. These results should be viewed as indicative of the relative performance of the three algorithms, because speed rankings can vary among computing platforms. Furthermore, the rankings are likely to depend on starting values, the initial simplex chosen for the DF method, and the EM updating procedure used. Also, DF methods other than the simplex method have not been considered here.
An acceleration procedure was used with the EM algorithm. The second method of Laird et al. (7), which effectively attempts to approximate the matrix of second derivatives, was unsuccessful, as also found by Misztal (1 1). An exponential (Aitken) extrapolation, the first method of Laird et al. (7) as derived from the average of the ratios of the differences of the individual parameter estimates obtained for the two most recent iterations, was effective initially but led to slow convergence for the latter iterations. The method employed in this example considered the ratio of differences for each component separately, which seemed to be more effective, although the cause is not clear, and no algebraic proof of this result is offered. This method is similar to independent application of a univariate acceleration to each parameter. The acceleration was applied about every fifth iteration, provided that the likelihood function was increased and that parameters remained within boundary limits.
Possible criticisms of Newton's methods are that global convergence is not guaranteed, the Hessian matrix may not be positive definite, or parameter estimates may exceed the boundary. The AI matrix, Equation where a constant, p, is added to the diagonal elements of the Hessian. This method is a compromise between Newton's method 0L = 0) and steepest ascent (cl large), and the smallest value of p is chosen so that the step taken increases the likelihood function while the new variance component estimates are confined within their domain of definition.
The model trust region approach (3), to select a suitable value for p, has been used in the program code for AI REML to protect against starting values that are too distant from the maximum or for which variance components become negative or correlations exceed unity in absolute value. The approach is based on estimation of the region about the current estimates in which the local quadratic model underlying Newton's method can be trusted to represent adequately the likelihood function and to take a step to approximately maximize the likelihood function in this region.
When parameter estimates exceed the boundary, the AI REML procedure can be repeated using a simpler model if appropriate. Other parameterizations, including Cholesky transformations (8), may also be used to constrain parameters within boundary limits.
The example in this paper considered a model with several variance components. The Journal of Dairy Science Vol. 78, No. 2, 1995 differences in performance among the algorithms are expected to be not as great for simpler models involving fewer variance components but greater for multivariate models.
CONCLUSIONS
The use of a sparse matrix inverse and the calculation of second differentials from the average of observed and expected values provides an efficient computing algorithm for variance component estimation with an animal model and a very competitive alternative to DF and EM algorithms.
The use of AI is only strictly correct when parents are not selected. The more intense the selection is, the greater the discrepancy between AI and observed information; presumably, the number of iterations will increase, but DF and EM are not expected to become competitive.
Calculation of a sparse inverse increases memory requirements over that required for likelihood evaluation. 
Note that (Z'SZ + G-lr1 is that partition of the inverse of the coefficient matrix corresponding to the random vector U with solution 
